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Abstract. A method for effective focal length measurement using imaging
conjugates is discussed and demonstrated. This method is used to deter-
mine the effective focal length of an objective lens with precision and with-
out the need to know the exact position of the principal planes by
measuring relative distances of imaging conjugates. Focal length determi-
nation was done with the aid of an interferometer and with a precision of
�0.054%. A discussion of the method is presented and an error analysis
discussed. This method can be used for characterizing optical systems
with a wide range of focal lengths because of its simple experimental con-
figuration. © 2012 Society of Photo-Optical Instrumentation Engineers (SPIE). [DOI: 10
.1117/1.OE.51.11.113604]
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1 Introduction
The effective focal length, or focal length, is a basic and
important parameter of an optical system. Several methods
for effective focal length measurement have been proposed
and used in the literature for a long time. Although some of
these methods are well known and achieve good precision,1–7

a simple method with high precision is still desirable for
many applications. By definition, the effective focal length
(or rear focal length) is the distance measured from the sec-
ond principal plane to the rear focal point. However, in some
methods, such as the nodal slide method, not only is the
nodal point difficult to find, but also the distance from the
nodal point to the rear focal point is difficult to determine.
These are drawbacks that complicate doing an error analysis
and achieving high precision measurements. Some modern
methods, such as Talbot interferometry,8–10 moiré deflecto-
metry,11,12 and interferometery can provide high precision
focal length measurements. However, often the experimental
setup is complicated and this may induce more error sources.
Other recent methods have been proposed using a grating
shearing interferometer,13 a Fresnel-zone hologram,14 and
digital Fourier transforms.15 Table 1 summarizes some repre-
sentative technologies for focal length measurement. The
relationship of the measurement accuracy and the focal
length range is also illustrated (Fig. 1). Although some of
these methods provide high accuracy for specific focal length
ranges, the measurement precision is not often discussed.

In this paper, we demonstrate a precise, simple method for
measuring the effective focal length of a microscope objec-
tive. This method utilizes the relative distances of the con-
jugates imaged by the objective for determining the effective
focal length. Without the need to know the position of the
principle planes, the error sources are minimized and are
easy to be analyzed.

2 Experimental Theory
To use imaging conjugates of an optical system for determin-
ing the effective focal length, three conjugates are required.
An arrangement is shown in Fig. 2. One conjugate is selected
at infinity and two others are selected at finite distances. Dis-
tances, O1, O2, O3, I1, I2, and I3 represent the object and
image distances for the conjugates. H and H 0 0 are the
front and rear principal planes, respectively. The Gaussian
imaging formula can be used to relate these parameters
with the effective focal length f 0 0:

1

S 0 0 ¼
1

S
þ 1

f 0 0 ; (1)

where S 0 0 and S are the image and objective distances. To
simplify we set the quantities ðI2 − I1Þ ¼ A, ðI3 − I1Þ ¼ B,
and ðO2 −O3Þ ¼ C which indicate the relative distances
from the image point 1 to 2, the image point 1 to 3, and
the object point 2 to 3, respectively. Then we can write
the relationship between the focal length and the quantities
A, B, and C,0091-3286/2012/$25.00 © 2012 SPIE
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I1 ¼ f 0 0

1
I1þA ¼ 1

O3þC þ 1
f 0 0 ⇒ f 0 0 ¼ �

ffiffiffiffiffiffiffi
ABC
A−B

q
1

I1þB ¼ 1
O3

þ 1
f 0 0

: (2)

For a positive value for the focal length the positive root
“þ” is used in Eq. (2). This result shows that it is possible to
determine the effective focal length of an optical system
without knowing the positions of H and H 0 0. Once the rela-
tive distances A, B, and C are measured, the effective focal
length can be directly calculated from Eq. (2).

Another simple method can be used to determine the
effective focal length through the following equation that
uses only two conjugates,

f 0 0 ¼ L2 − d2

4L
; (3)

where L, d, and f 0 0 are the distances between object and
image, the separation of the two conjugates, and the effective
focal length, respectively. However, in this approach deter-
mining the distance L can be a significant problem.

3 Error Analysis
For the error analysis a nominal collimated beam is assumed.
Then only error sources from the measurement of the relative

distances A, B, and C are considered. Therefore, the sensi-
tivity of effective focal length, f 0 0, to the relative distances A,
B, and C are found by taking partial derivatives of Eq. (2). By
rearranging the differential results and setting B ¼ k · A the
error of the measurement can be expressed as follows,

E ¼ Σ∂f 0 0 ¼ 1

2

�
−
f 0 0

A
k

ð1 − kÞ ∂A

þ f 0 0

A
1

kð1 − kÞ ∂Bþ A
f 0 0

k
kð1 − kÞ ∂C

�
; (4)

where E is the sum of the error sources ∂A, ∂B, and ∂C.
Equation (4) shows that the measurement error is affected
not only by errors ∂A, ∂B, and ∂C but also by the selection
of conjugates as shown in Fig. 2. Both the distance A and the
k value selected can reduce the error in the results or enhance
the measurement precision. In practical measurements the
object distances are fixed, and the distances A and B are mea-
sured according to the spot size of the image point by a CCD
sensor or by the fringe pattern in an interferometer. The error
on the distance C can result from the measurement of the
object position. In our experiment we concentrated on the
measurement error of the conjugates positions when moving
the object. Therefore, to simplify the analysis, the error
of distance C was ignored. Hence, the error from Cð∂CÞ
was assumed to be zero. By expressing E as the standard
deviation, Eq. (4) can be represented as,

σf 0 0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi���� ∂f 0 0

∂A

����2σ2A þ
���� ∂f 0 0

∂B

����2σ2B
s

; (5)

where σf, σA, and σB are the standard deviations of measure-
ment of E, ∂A, and ∂B, respectively.

4 Measurement Setup
As Fig. 3 shows we arranged for a switchable setup between
collimated and point light source illumination as this was
needed for object 1 (at c0), and objects 2 and 3 (at c1
and c2). By switching the light source and producing a rela-
tive movement, the three conjugates of c0, c1, and c2 were
easily set. The conjugates distances (∅, a, and b) were deter-
mined by a CCD sensor placed in image space to observe the
corresponding image points. Both the light source and CCD
sensor were mounted on a high precision linear stage that
could be moved along the optical axis. Once a best focus
was detected, the corresponding position ∅ was recorded
when the light source was in collimated mode. This step
could be repeated for objects c1 and c2 with the point

Table 1 Technologies for focal length measurement.

Reference Method Features

8 Talbot interferometer • Moiré effect utilized

• Feasible for long FL

12 Moiré interferometer • Moiré effect utilized

• For any lens power

13 Grating shearing • Only one grating used

15 Digital Fourier
transform

• FFT for spatial freq.
evaluation

14 Fresnel-zone
hologram

• High precision for large,
slow lenses

Fig. 1 Measurement accuracy of the methods.

Fig. 2 The configuration of the experiment for focal length measure-
ment.
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light source mode and produced image points for positions a
and b. One measurement was done and the relative distances
A, B, and C were determined.

This basic setup was used to determine the A, B, and C
values. One problem is that there may be bias errors due to
spherical aberration since the measured objective is not cor-
rected for the three conjugate distances used. This problem
can be mitigated by using interferometry to determine focus
rather than using focus spot sizes as shown by a CCD sensor.

4.1 Measurement Using an Interferometer

In order to eliminate the effects of spherical aberration we
added an interferometer to our test set-up. Then we fixed
the position of the illumination point source on one side
of the objective lens and moved the objective to control
the conjugate distances. A flat mirror was placed on the
other side of the objective lens to reflect the light back to
the lens and interferometer as shown in Fig. 4. This interfe-
rometer is a WYKO 6000 interferometer and produced a
point source with a transmission sphere lens. In beginning
the measurement, two positions for the mirror were selected
to simulate the object positions c1 and c2. The case of
infinity conjugate for object c0 was achieved by moving
the objective lens until a no-focus fringe pattern was
observed. In the analysis software of the interferometer,
some small aberrations were present and were neglected.
Therefore, the conjugate positions with zero defocus were
determined by finding the distance where the “power”
term, as shown in the analysis software, was zero. When
the light beam was properly in focus, there was in the inter-
ferometer monitor a straight fringe pattern. To find A, B, and
C for focal length calculation, these relative distances were
measured by the position of the objective lens, and the
mirror, according to each conjugate as Fig. 5 illustrates.

In this experiment a NIKON M PLAN 5X 0.1 microscope
objective lens was used. The positions were determined when
variation of the power values in the interferometer analysis

were within �5 nm wave front rms. By relatively moving
the positions of objective and the mirror, the conjugate posi-
tions were determined and consequently the quantities A, B,
and C. The measurement results are shown in Table 2.

Two positions were selected for c1 and c2, and then the
positions∅, a, and bwere measured using the corresponding
conjugates. The ratio of B∕A ¼ k is approximately 4.56.
This finally resulted in a �0.0538% standard deviation
error for the measured focal length. Compared to the theo-
retical derivation, the error in focal length E is �0.0521%
when the average values of A, B, f 0 0, and k, and standard
values, ∂A and ∂B, are substituted into Eqs. (4) and (5).
These results show good measurement precision and agree-
ment with the theoretical error analysis.

5 Non-Collimated Light Source Analysis
If the beam of light is not quite collimated, which means the
object point 1 (O1) is not at infinity, then there is a small shift
in the image distance I1,

Fig. 3 The measurement configuration set-up.

Fig. 4 The experimental arrangement with the interferometer.

Fig. 5 The way to find the conjugates for focal length calculation using
the interferometer and a mirror.

Table 2 Measurement results by interferometry.

k ¼ 4.5592
C ¼ −480

f 0 0 ¼ 37.4291� 0.0201
Error ¼ 0.0538%

A B f 0 0

1 2.2759 10.3776 37.4074

2 2.2797 10.3808 37.4458

3 2.2803 10.3858 37.4496

4 2.2797 10.3909 37.4407

5 2.2767 10.4047 37.4021

AVG 2.2785 10.3880 37.4291

STD 0.0018 0.0095 0.0201

Unit:
mm
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I1 ¼ f 0 0 − ε: (6)

We can obtain the following relationship by substitution
of Eq. (6) in Eq. (1)

ε ¼ f 0 02

f 0 0 þO1

: (7)

Equation (7) shows that the error ε is increased when the
beam is not collimated. This case of non-collimation results
in a change of A and B, and then the focal length becomes,

fe 0 0ðε 0Þ ¼ f 0 0 ·
�
1þ 1

2
ε 0
�
; (8)

where

ε 0 ¼ ðAþ BÞεþ ε2

AB
(9)

and fe 0 0ðε 0Þ is the focal length. The quantity ε 0 is expressed
in terms of ε. f 0 0 is the focal length without collimation error.
Equations (8) and (9) can be derived when A and B in Eq. (2)
are substituted with A 0 ¼ Aþ ε and B 0 ¼ Bþ ε, which
reflect that A and B change due to the tiny shift in the
image distance I1. For simplification we use a Taylor expan-
sion so that fe 0 0ðε 0Þ can be expressed as Eq. (8).

To relate ε to the degree of collimation, the object distance
O1 can be represented by the incident angle, and the NA of
the measured microscope objective lens. Then Eq. (7) can be
rewritten as,

ε ¼ tan θ

tan θ − NA
· f 0 0; (10)

where tan θ ¼ −D∕O1, and the lens NA is approximately
D∕2f 0 0. The parameter D is the lens aperture. By substitu-
tion of Eqs. (9) and (10) for Eq. (8) allow us to express the
focal length with error as,

fe 0 0 ¼ f 0 0 þ K1f 0 02 þ K2f 0 03; (11)

where K1 and K2 are8>>><
>>>:

K1 ¼
1

2

�
Aþ B
AB

�
×

tan θ

tan θ − NA

K2 ¼
1

2

1

AB
×
�

tan θ

tan θ − NA

�
2

: (12)

For the case of the results in Table 2, assuming a 0.1 arc
second collimation error, a lens with a NA ¼ 0.1, and noting
that the average A and B are 2.2785 and 10.3880, respec-
tively, the error in focal length determination would be
−0.005% compared to the system without collimation error.

6 Conclusion
We demonstrated a method for precise focal length determi-
nation that is based on imaging conjugates. The method uses
relative distances of imaging conjugates to determine the
effective focal length of a lens system. By not measuring
absolute distances but relative distance measurements, we
minimize error sources and hence improve the measurement
precision. In our work, a microscope objective was tested
and its focal length determined to 0.054% precision. We
found agreement between the measurement errors and the

theoretical error prediction. Furthermore, because of the
advantage of the simple experimental configuration, this
method can be utilized for measurements for a wide range
of focal lengths and can be a candidate for high precision
focal length measurement of optical systems.

Acknowledgments
We would like to express Prof. Yi-Pai Huang of National
Chiao-Tung University, Department of Photonics and Dis-
play Institute, Taiwan, and National Science Council (No.
NSC-101-2221-E-009-120-MY3), Taiwan, for the technical
and financial support.

References

1. B. Howland and A. F. Proll, “Apparatus for the accurate determination
of flange focal distance,” Appl. Opt. 11, 1247–1251 (1970).

2. B. J. Pernick and B. Hyman, “Least-squares technique for determin-
ing principal plane location and focal length,” Appl. Opt. 26(15),
2938–2939 (1987).

3. C. W. Chang and D. C. Su, “An improved technique of measuring the
focal length of a lens,” Opt. Commun. 73(4), 257–262 (1989).

4. R. S. Sirohi, H. Kumar, and N. K. Jain, “Focal length measurement
using diffraction at a grating,” Proc. SPIE 1332, 50–55 (1990).

5. M. C. Gerchman and G. C. Hunter, “Differential technique for accu-
rately measuring the radius of curvature of long radius concave optical
surfaces,” Opt. Eng. 19(6), 196843 (1980).

6. K. R. Freischlad et al., “High-precision interferometric testing of spherical
mirrors with long radius of curvature,” Proc. SPIE 1332, 8–17 (1990).

7. J. Z. Malacara, “Angle, distance, curvature, and focal length mea-
surements,” in Optical Shop Testing, 2nd ed., D. Malacara, Ed.,
pp. 715–741, Wiley, New York (1992).

8. Y. Nakano and K. Murata, “Measurements of phase objects using the
Talbot effect and Moiré techniques,” Appl. Opt. 23(14), 2296–2299
(1984).

9. K. V. Sriram, M. P. Kothiyal, and R. S. Sirohi, “Talbot interferometry in
non-collimated illumination for curvature and focal length measure-
ments,” Appl. Opt. 31(1), 75–79 (1992).

10. D.Malacara-Doblado, “Measuring the effective focal length and thewave
front aberrations of a lens system,” Opt. Eng. 49(5), 053601 (2010).

11. E. Keren, K. Kreske, and O. Kafri, “Universal method for determining
the focal length of optical systems by moire defiectometry,” Appl. Opt.
27(8), 1383–1385 (1988).

12. I. Glatt and O. Kafri, “Determination of the focal length of nonparaxial
lenses by Moire deflectometry,” Appl. Opt. 26(13), 2507–2508 (1987).

13. F. Lei and L. K. Dang, “Measuring the focal length of optical systems by
grating shearing interferometry,” Appl. Opt. 33(28), 6603–6608 (1994).

14. B. DeBoo and J. Sasian, “Precise focal-length measurement technique
with a reflective Fresnel-zone hologram,” Appl. Opt. 42(19), 3903–3909
(2003).

15. M. de Angelis, “A new approach to high accuracy measurement of the
focal lengths of lenses using a digital Fourier transform,” Opt. Commun.
136(5–6), 370–374 (1997).

Lin-Yao Liaomajored in lens design, display
optics, liquid crystal lens, and digital image
processing. He received his PhD degree in
Institute of Electro-Optical Engineering,
National Chiao Tung University, Taiwan.
Currently he is works as a senior engineer
charge of mobile lens design, scanner lens
design, and car lens design for Largan
Precision Co., Ltd.

Bráulio F.C. de Albuquerque’s PhD
research focus is the investigation and devel-
opment of new evolutionary optimization
techniques for application in optical systems
design and in the development of an opti-
mized multi-objective technique of glass
selection for super-achromatic optical sys-
tems design.

Optical Engineering 113604-4 November 2012/Vol. 51(11)

Liao et al.: Precision focal-length measurement using imaging conjugates

Downloaded From: http://opticalengineering.spiedigitallibrary.org/ on 05/16/2013 Terms of Use: http://spiedl.org/terms

http://dx.doi.org/10.1364/AO.26.002938
http://dx.doi.org/10.1016/0030-4018(89)90213-7
http://dx.doi.org/10.1117/12.51050
http://dx.doi.org/10.1117/12.7972621
http://dx.doi.org/10.1117/12.51046
http://dx.doi.org/10.1364/AO.23.002296
http://dx.doi.org/10.1364/AO.31.000075
http://dx.doi.org/10.1117/1.3421548
http://dx.doi.org/10.1364/AO.27.001383
http://dx.doi.org/10.1364/AO.26.002507
http://dx.doi.org/10.1364/AO.33.006603
http://dx.doi.org/10.1364/AO.42.003903
http://dx.doi.org/10.1016/S0030-4018(96)00730-4


José M. Sasian is a professor at the Univer-
sity of Arizona, College of Optical Sciences.
His professional interests are in optical
design, teaching optical sciences, optical fab-
rication and testing, telescope technology,
opto-mechanics, lithography, lens design,
illumination optics, light in gemstones, optics
in art and art in optics, and light propagation
as a general subject.

Biogrpahy and photograph of the other author not available.

Optical Engineering 113604-5 November 2012/Vol. 51(11)

Liao et al.: Precision focal-length measurement using imaging conjugates

Downloaded From: http://opticalengineering.spiedigitallibrary.org/ on 05/16/2013 Terms of Use: http://spiedl.org/terms


